[1] This paper presents new analytical solutions for steady state piezometric heads in phreatic and confined aquifers with radial flow. The new solutions utilize two constant head boundaries and a hydraulic conductivity k or thickness of aquifer H that is a linear function of radius r. Previous solutions applied constant k and H, and they were usually based on one constant head boundary, which might be superimposed on a solution that allowed a constant discharge or recharge at the center of the aquifer. The previous solutions may be difficult to apply to real aquifers because constant k and H is usually an oversimplification of nature. The Dupuit-Forchheimer assumption implies that vertical head gradients are ignored. The magnitude of the error introduced by allowing H = H(r) is evaluated numerically in this paper.
Introduction
[2] There is increased interest in applications of analytical modeling of subsurface flow and contaminant problems [Wu and Pan, 2003; Yeo and Lee, 2003; Bakker and Strack, 2002; Luther and Haitjema, 1998 , 1999 , 2000 . Innovations in finite mathematics and computer technology have made numerical modeling a routinely used tool in scientific computations as well as in practical management and administration of water resources. However, the successful development of numerical technology has not made analytical solutions redundant. On the contrary, by abstracting nature into mathematically manageable quantities, analytical solutions are easy to implement in a spreadsheet or in a computer code. In this way, analytical solutions offer direct insight into the physical conditions that are important for specific flow problems. Numerical simulations, on the other hand, require a considerable amount of time to achieve similar evaluations. Observations indicate that groundwater flow in delta structures may be simplified to radial flow due to the axial symmetry of the aquifer. This simplified geometry is possible because a lot of prograding deltas are radial structures where the river mouth is positioned on the axis of symmetry. Work here expands previous radial solutions of the Poisson's equation by introducing two constant head boundaries and letting the hydraulic conductivity or the thickness of the aquifer be a linear function of radius (Figure 1 ).
Discharge Potential Assuming Constant Hydraulic Conductivity or Constant Aquifer Thickness
[3] On a regional scale, where the ratios between vertical and horizontal dimension are very small, the vertical resistance to groundwater flow may be neglected (the DupuitForchheimer assumption). The discharge potential F = À(dQ/dr) [Strack, 1984 [Strack, , 1989 ] of a circular structure (like a delta or an island) may therefore be simplified to a function of the radius r only [Haitjema, 1995] :
where the constant head boundary is F 2 at r = R 2 and N is the net infiltration to the groundwater. By the use of the discharge potential as suggested by Strack [1989] , equation (1) is the solution for both a confined aquifer (F = k H f) and a phreatic aquifer (
, where k is hydraulic conductivity, H is the thickness of a confined aquifer, and f is the piezometric head, which is equal to the saturated thickness of a phreatic aquifer.
[4] For geological reasons it may be convenient to introduce a constant head boundary F 1 at r = R 1 . First we derive an expression for the area between the inner boundary R 1 and the groundwater divide l. The water balance Q for steady state flow implies that net precipitation N on the inner cylindrical area R 1 r l (see Figure 1 for boundary conditions):
is equal to the radial flow Q r across the cylinder with radius r:
The flow direction is opposite of r, and thus Q r has to be negative in this case.
[5] Combined with Darcy's law of laminar flow,
the water balance equations (2) and (3) yield
[6] The boundary value F a = F 1 at r = R 1 inserted in equation (5) gives
which is the discharge potential for radial flow with constant head boundary value at r = R 1 and impervious boundary at r = l.
[7] The same reasoning may be applied if l r R 2 with boundary value F 2 at r = R 2 . The discharge potential F b for the outer cylindrical area is equal to
[8] At the groundwater divide (r = l in equations (6) and (7)), there is no radial flow: dF a /dr = dF b /dr = 0, and the discharge potential F = F a = F b , is used to form a closed expression by elimination of l in equations (6) and (7):
Equation (8) is referred to as the simple ''doughnut'' equation.
[9] It is easy to see that equation (8) is consistent with equation (1) because
[10] As pointed out by an anonymous reviewer, the existence of a groundwater divide l between R 1 and R 2 is no longer necessary because l is eliminated in equation (8). This implies that a (theoretical) groundwater divide may be outside the aquifer. The groundwater divide (dF/dr of equation (8)) is equal to
Piezometric Head in a Confined or Phreatic Aquifer Where Thickness or Hydraulic Conductivity is a Linear Function of Radius
[11] To make the simple ''doughnut'' equation (8) more realistic, we may let the thickness of the aquifer H or hydraulic conductivity k be a linear function of radius r. In this case the discharge potential, as defined above, does not exist, and the equations for confined and phreatic aquifers are more convenient to derive separately. Starting with the confined aquifer, we let the thickness of the aquifer H be given as a linear function of r:
where a = (H 1 À H 2 )/(R 2 À R 1 ) (Figure 1 ). Figure 1a shows the interface between the paleoglacier and the sediments, radius to the inner and outer delta boundaries (R 1 and R 2 ), and the location of the groundwater divide (l ). Figure 1b is a radial cross section through the delta indicating a confined aquifer with linearly decreasing aquifer thickness with piezometric head f 1 and f 2 at R 1 and R 2 . Figures 1c and 1d are modified from Gilbert [1890] , indicating the sediments at the glacier interface ( Figure 1c ) and after withdrawal of the glacier ( Figure 1d ) and with a phreatic groundwater table. If net recharge N > 0, the groundwater divide (dF/dr = 0) is at r = l.
[12] If a is small, i.e., H 1 À H 2 ( R 2 À R 1 , we may neglect the vertical component and solve the approximate piezometric head as a one-dimensional ordinary partial differential equation. Again we divide the flow equation into two parts where the groundwater divide l is the no-flow boundary. Balance of mass for steady state flow where R 1 r l gives the expression
Darcy's law, q r = Àk(df a /dr), inserted into equation (13) gives
If H = H(r) is a linear function of r as given in equation (12), then two simple integrals have to be solved, namely,
where H 0 = H 1,2 + aR 1,2 , and c is the integral constant. H 0 is the (theoretical) aquifer thickness at r = 0.
[13] For the boundary condition f = f 1 at r = R 1 , the solution of equation (14) is
where A 1 = (1/H 0 )ln(R 1 H/H 1 r) and B 1 = (H 0 /a 2 )ln(H/H 1 ), where H is given in equation (12) for index 1.
[14] We find the piezometric head for the outer area l r R 2 by the same token:
where A 2 = (1/H 0 )ln(R 2 H/H 2 r) and B 2 = (H 0 /a 2 )ln(H/H 2 ), where H is given in equation (12) for index 2.
[15] By eliminating the groundwater divide l in equations (17) and (18), we get one expression for the piezometric head:
where L 1 = (N/2ka)(r À R 1 ) + (N/2k) B 1 + f 1 , and L 2 = (N/2ka)(r À R 2 ) + (N/2k) B 2 + f 2 . A 1 , A 2 , B 1 , and B 2 are defined as in equations (17) and (18).
[16] If a ! 0 (e.g., if the sloping bottom of the aquifer in Figure 1 becomes horizontal), it is easy to verify that equation (19) is consistent with equation (8) by power expansion of ln(1 + (a(R 1,2 À r))/H 1,2 ).
[17] The groundwater divide for R 1 l R 2 exists if the derivative of equation (19) is df/dr = 0:
which is equal to
[18] Next, we may develop the same kinds of equations for phreatic aquifers where the hydraulic conductivity k is given as
where b = (k 1 À k 2 )/(R 2 À R 1 ), similar to the linear equation applied for a confined aquifer (Figure 1 ).
[19] Balance of mass and Darcy's law yield
with k given in equation (22). Imposing the boundary conditions f = f 1 at r = R 1 and f = f 2 at r = R 2 , the solution of equation (23) is
where and where k 0 = k 1,2 + bR 1,2 and k is given in equation (22) with the corresponding indexes.
[20] Necessary conditions for a groundwater divide R 1 l R 2 is df 2 /dr = 0, which for an open aquifer is equal to:
Numerical Evaluation
[21] The Dupuit-Forchheimer assumption ignores the vertical gradients in piezometric heads: @f/@z = 0. This assumption is not valid close to the aquifer boundaries or in the close vicinity of partially penetrating wells. Haitjema [1987] performed a thorough numerical analysis of the discrepancies between 3-D flow and the approximate Dupuit-Forchheimer solutions. In the work by Haitjema [1987] the recharge took place from a circular pond at the center of an island, and he demonstrated that the 3-D effect can be ignored at a distance 1 -2 times the thickness H of an isotropic aquifer. For an anisotropic aquifer the distance is $ H ffiffiffiffiffiffiffiffiffiffi ffi k h =k v p , where k h and k v are horizontal and vertical hydraulic conductivity, respectively. Haitjema [1987] used a constant thickness of the aquifer, but this rule of thumb may not be valid when H (or k) is a variable in space. It is Figure 2 . Three-dimensional numerical computation of heads (solid) and analytical (dashed) solution of equation (19). In Figure 2a the outer boundary H 2 is kept constant equal to 100 m while the inner boundary H 1 is stepwise increased: H 1 = [1, 2, 3, 4, 5, 7.5, 10] Â 100 m (see label in Figure 2b ). In Figure 2c the opposite is performed: The inner boundary H 1 is kept constant at 100 m while the outer boundary H 2 is increased in steps: H 2 = [1, 2, 3, 4, 5, 7.5, 10] Â 100 m. Differences between the 3-D numerical and the analytical solutions are shown in Figures 2b and 2d . Numerical results and values of parameters in the equation are given in Table 1 . See color version of this figure at back of this issue.
therefore of interest to evaluate the additional error that is introduced by allowing H (or k) to be a linear function of the radial distance r from the axis of aquifer symmetry.
[22] Here the numerical evaluation was carried out using MODFLOW with the PMWIN preprocessing and postprocessing [Chiang and Kinzelbach, 2001] . Only the solution for a confined aquifer is included in these calculations. The inner boundary R 1 = 1000 m, and the outer boundary R 2 = 5100 m. The boundary conditions were hydrostatic at R 1 and R 2 : f 1 = f 2 = f = 100 m. First, H 1 is kept constant equal to 100 m, and H 2 is increased in steps from 100 to 1000 m: H 2 = [100, 200, 300, 400, 500, 750, 1000] m. Second, H 2 is kept constant to 100 m and H 1 is increased by the same intervals. For H 1 = H 2 the analytical and the numerical solutions gave identical results, exept for the numerical noise. The numerical deviations between the analytical and numerical solutions are given in Table 1 and presented graphically in Figures 2 and 3 . The deviations increase with increasing differences between H 1 and H 2 , but the maximum relative error, (f anal À f num )/f, is less than 1% even for the most extreme case: H 1,2 /H 2,1 = 10.
Conclusion
[23] Equations (19) and (24) are the Dupuit-Forchheimer solutions for groundwater heads in confined and phreatic aquifers where the geometry is simplified to a ''doughnut'' structure and the aquifer thickness or the hydraulic conductivity is expressed as a linear function of the radius. The proposed extensions of the radial flow equations are consistent with previously published solutions where H or k are constants in space. The error introduced by ignoring the vertical flow component is not significant if j(H 1 À H 2 )/ (R 2 À R 1 )j < $1/5 (see Table 1 ). Examples where equations (19) and (24) may be applied are delta structures that comprise axial symmetry. It is important to keep in mind, however, that the analytical solutions will not capture all the details of a real aquifer because the purpose is to estimate the regional trend of the average hydraulic parameters.
[24] Acknowledgment. I thank T. Lindstrøm for verifying the consistency between equations (19) and (8) and the two anonymous reviewers for constructive comments. Figure 3a indicate that the numerical and analytical solutions are identical if the inner (H 1 ) and outer (H 2 ) boundaries are equal to each other. In this case, H 1 = H 2 = 100 m. In Figure 3b , where H 1 = 100 m and H 2 = 10 Â H 1 , the maximum deviation is 0.59 m (see Table 1 ). See color version of this figure at back of this issue. (19). In Figure 2a the outer boundary H 2 is kept constant equal to 100 m while the inner boundary H 1 is stepwise increased: H 1 = [1, 2, 3, 4, 5, 7.5, 10] Â 100 m (see label in Figure 2b ). In Figure 2c the opposite is performed: The inner boundary H 1 is kept constant at 100 m while the outer boundary H 2 is increased in steps: H 2 = [1, 2, 3, 4, 5, 7.5, 10 Figure 3a indicate that the numerical and analytical solutions are identical if the inner (H 1 ) and outer (H 2 ) boundaries are equal to each other. In this case, H 1 = H 2 = 100 m. In Figure 3b , where H 1 = 100 m and H 2 = 10 Â H 1 , the maximum deviation is 0.59 m (see Table 1 ).
